
 

Subgroups and Lagranges Theorem

Let G be a group

Definition H C G is a subgroup it

e E H Identity
c ye H xx ye H Closure under composition
see H x e H closure under inverses

Example
y Given me IN in 2 ma 1 a e 3 CZ

I V real vector space Wc a subspace
t a subgroup of CV
orthogonal matrices

On IR A e GL CR 1 At A l c Gln Rtrivial subgroup
41 e3 C G G C G

Definition Let HCG be a subgroup A left coset of H in G

is a of the form

x H xx h the H C G
in some e G

Examples Group under Remainder class of
f t X Msdulo m

x c Z H m Z G Z x H x ma a z
x Ii H xli fixe 1123 G epic map under

addition
x H I I x 1,11 e straight line parallel to It

containg x1122 HI



Proposition The 67A assets of A cri G Form a partition of G

Pret
Let x E G

EE H x x e x H U x It G
KE G

Let x ye G such that xH n y It 0
I hi h E H such that a h y hz

Ia y h h hi here It h h hi e H
so x H ng H t 0 x

y e H
Y
in H

a y h y x h and a y h

let ke H then y k a h k x H yH c x H
in H

similarly x k y h k e ya x cya
Hence x H ng H t lo xH yH II

Definition We denote the collection of left c sets of H in G
by G quotient A

It 154 1 so we say It is finite index in G

tramples 21mg Finite R
infinite

Xl lter
2 y x equivalence class containing x under the Followingequivalence relation x

y x y H Hence ye xHc yHLeft assets are not subgroups in general
e ex H E e exit see H



Zoposition The map 7 H x H is a bijection
h h

i

In particular it 141 0 then I H l Ix H 1
Proof

injects've by definition of xH
Let h K f H

tch fck c L
h x k h K I injective

II

Yin let G be a 4 group and H C G a subgro

Then IHI divides 1Gt is
it is

proved I 1
Proof general he

es icase m
is1Gt c 11 1 LagrangeJordan

Numberst Each hastence Ix HI f H f f x sets in partition size

The left assets patition G T Ilet 1 1 IA

Remarts

y 1Gt oo H C G subgroup let I 16

y 1Gt p aprime HCG subgroup H Ee or H G

Warning It m HH it is not air general
true that F H C G a subgroup such that m It l
We'll see examples later


